Goal of this paper is to analyze and forecast realized volatility through nonlinear and highly persistent dynamics. In particular, we propose a model that simultaneously captures long memory and nonlinearities in which level and persistence shift through a Markov switching dynamics. We consider an efficient Markov chain Monte Carlo (MCMC) algorithm to estimate parameters, latent process and predictive densities. The insample results show that both long memory and nonlinearities are significant and improve the description of the data. The out-sample results at several forecast horizons, show that introducing these nonlinearities produces superior forecasts over those obtained from nested models.
Introduction
It is well known that accurately measuring and forecasting financial volatility plays a central role in many pricing and risk management problems. With high frequency intra-daily data sets becoming widely available, more accurate estimates of volatility can be obtained. Realized volatility (RV), i.e. the sum of intra-day squared returns, reduces the noise in the volatility estimate considerably compared to other volatility measures such as squared or absolute daily returns. Thus, volatility becomes in some sense observable and can be modeled directly rather than being treated as a latent process both in a GARCH or in a stochastic volatility setup.
Many empirical regularities on RV have been well documented in the recent literature and a detailed review has been provided in McAleer and Medeiros (2008b) for instance. One of the most relevant is that RV dynamics exhibits long memory or high persistence, as evidenced, amongst others, in Andersen et al. (2003) , Corsi (2009) and Koopman et al. (2005) . For this reason linear fractionally integrated models (ARFIMA) are generally used to capture this feature.
A flexible strategy to model serial dependencies for RV has been proposed in Barndorff-Nielsen and Shephard (2002) through a superposition of ARMA (1,1) processes. However, Granger and Ding (1996) found out that persistence in volatility tends to be non constant over time and in particular Longin (1997) provided evidence of an usually higher level of persistence when volatility is low, thus suggesting presence of nonlinearities.
On the other hand, it is well known that long memory can be overestimated when regime shifts or structural breaks are not taken into account. In fact these are confounding factors and distinguishing between them can be rather troublesome (Diebold and Inoue, 2001 ). However, recent statistical tests aiming at disentangle the effects of long memory and level shifts has been proposed in Baillie and Kapetanios (2007) and in Ohanissian et al. (2008) . In particular, Baillie and Kapetanios (2007) found presence of nonlinearity together with long memory in realized volatilities for currencies, whereas Ohanissian et al. (2008) , in their empirical application, provide evidence that realized volatility of exchange rates such as DM/$ and Yen/$ is properly described by a true long memory process. This latter result seems to be in contrast with Perron and Qu (2009) , who claim that short memory models with level shifts are appropriate to describe volatility. Similarly, Carvalho and Lopes (2007) model volatility with a short memory switching regime dynamics, Chen et al. (2008) propose a range-based threshold heteroskedastic model, whereas He and Maheu (2009) propose a GARCH model subject to an unknown number of structural breaks.
It seems to be still an open question whether to decide if long memory is spurious or not. It thus appears of obvious interest to joint modeling both features into a single time series model. In this way it is also possible to check whether the benefits of combining long memory and nonlinearities represent an improvement in forecasting accuracy.
Recently, some time series models have been suggested to combine long memory and nonlinearities to describe conditional variances. Probably, the first contributions in this direction are, respectively, Martens et al. (2004) and Hillebrand and Medeiros (2008) where they build from an ARFIMA model by allowing for smooth level shifts, day of the week effects and leverage. A different strategy has been proposed in McAleer and Medeiros (2008a) by introducing a multiple regime smooth transition extension of the Heterogeneous Autoregressive (HAR) model of Corsi (2009) .
In this paper we consider a different strategy to model abrupt changes in the conditional mean and time varying long range dependency. We base our analysis on a Markov switching model in line with the seminal work of Hamilton (1989) in which level shifts are modeled through a binary non observable Markov process and in which the parameters, including the degree of persistence, are state dependent. Persistence is introduced through a standard ARFIMA model. Furthermore, we also think it is important to include exogenous regressors in the model's specification. Following Bandi and Perron (2006) we consider the implied volatility as a predictor, since it is proven to be an unbiased long run forecast of future RV, once controlling for a fractionally cointegration relation.
We focus on Bayesian estimation techniques and goodness-of-fit indicators to assess the in-sample performance of our model. We also put particular attention to the forecasting ability of the proposed models.
We base our empirical analysis on the 5 minutes intra-daily series of Standard & Poor's 500 (S&P500) stock index over the period January 2000 to 28 February 2005. Our results evidence that implied volatility is important to predict RV and also that, in the short run, long memory together with nonlinearities improve the forecasting performance. In the long run the ARFIMA effect seems to be dominant with respect to the switching regime mechanism.
The remainder of the paper is organized as follows. Our data set is described in Section 2, whereas the Markov switching models considered are defined in Section 3. Our inferential solution is outlined in Section 4. The forecasting methodology is explained in Section 5 and empirical results based on simulated and real data are illustrated respectively in Section 6 and in Section 7.
Realized and Implied Volatility
Realized volatility is an efficient and unbiased measure of the actual volatility based on the quadratic variation of a stochastic process. Theoretical and empirical features on this subject have been deeply investigated in Barndorff-Nielsen and Shephard (2002) and in Andersen et al. (2003) . Consider for instance a simple continuous time model for the log-price of a financial security
in which W (t) is a standard Brownian motion. Using well known results on stochastic processes, it can be proved that daily returns, r t = p(t) − p(t − 1), are Gaussian with conditional distribution
where the variance is known as Integrated Volatility at day t, namely, IV t .
It can be proved that, in absence of microstructure noise, i.e., the observed prices are not affected by measurement errors, IV can be consistently estimated by the realized volatility, defined aŝ
in which p j,t is the j -th observation at day t and N t is the number of intra-daily observations.
In case of microstructure noise, the true prices p day (Bandi and Russell, 2008) . However, as suggested in Andersen and Bollerslev (1998) and in Andersen et al. (2001) , in practical applications the realized volatility is still a valid estimator when data are sampled at a lower frequency with respect to the tick-by-tick, since the microstructure noise become negligible and then a sampling frequency ranging between 5 to 30 minutes can be a reasonable choice. See also Brownlees and Gallo (2006) for a more accurate treatment on data handling with ultra-high frequency data.
We also consider in our study the CBOE Volatility Index (VIX) that is a measure of the market's expectation of 30-day volatility implied by at-the-money S&P500 Index option prices provided by the Chicago Board Options Exchange.
It is computed by averaging the weighted prices of S&P500 puts and calls over a wide range of strike prices. Since VIX is referred to option contracts, it can be seen as a market's predictor of the expected volatility.
The S&P500 index data set consists on 5 minutes intra-daily observations whereas the VIX index is observed on a daily basis from 1 January 2000 to 28
February 2005. Prices of S&P500 have been provided by Olsen and Associates in Zurich and realized volatility has been thus computed through formula (2) in which N t = 288. We have removed from our sample days in which market has been closed, such as the three weeks after September 11, week-ends and US holidays, leading to a total amount of T = 1274 trading days. The VIX index has been downloaded from the CBOE website 1 .
Following Bandi and Perron (2006) , we consider the annualized realized stan-
and the annualized VIX which is also multiplied by 252 365 in order to account for the difference between trading days and calendar days in a year. Descriptive statistics are reported in Table 1 whereas Figure 1 displays the dynamics of the volatility measures. In particular from Table 1 3 A switching regime model for long memory realized volatility
We propose a long memory switching regime process based on a mixture of two ARFIMA(0, d i , 0), i = 0, 1 dynamics, in which 0 identify periods with low volatility whereas 1 indicate high volatility.
Our specification is similar in spirit to Ray and Tsay (2002) , in which they first propose an ARFIMA model with random level shifts but with constant d and, second, an ARFIMA model with time varying persistence levels 2 but constant parameters. Here we consider a Markov regime switching model in line with Hamilton (1989) in which the mixture components are fractionally integrated. In our general parameterisation, we allow, even though we do not strictly require, that all the parameters are regime dependent, thus allowing for level shifts together with time varying persistence. The model is specified as follows
in which y t , t = 1, . . . , T are the realized volatilities and S t , t = 1, . . . , T is an unobservable two states {0, 1} first order Markov chain with transition
is the implied volatility index VIX. We will label this model by Model 1.
We also consider the following priors 
and the non switching ARFIMA(0, d, 0) with exogenous regressor VIX, that is
Model 1 B, defined as
We also estimate the same models described above by constraining β 0 = β 1 = β = 0, i.e. we omit the exogenous regressor and we call them respectively Model 2, Model 2 A and Model 2 B. Finally Model 3 is a pure Markov switching model defined as
MCMC methodology
Our goal is to jointly estimate long memory dynamics and the latent process.
Inference for this model is not obvious, since the latent process
is not observable and also because there is not a standard method to estimate the long range parameters d i , i = 0, 1.
Inference for regime switching models can be performed in the classical as well as in the Bayesian framework and many inferential techniques have been proposed to numerically evaluate the likelihood function. A detailed review on this topic can be found in Kim and Nelson (1999) and in Frühwirth-Schnatter (2006) . Furthermore, there is not a unique estimator available for d i , i = 0, 1 and a detailed review on inference for long memory parameters has been provided by Palma (2007) .
In this paper we focus on MCMC methods for inference. Our solution is based on the idea of Chan and Palma (1998) , that prove that the exact likelihood of an ARFIMA process can be recursively computed by means of the Kalman filter in a finite number of steps even though the system has an infinite dimensional representation. Furthermore, to make the computations feasible, the Kalman recursions are based on the truncation of the infinite Moving Average (MA)
representation of a long memory process. For instance, the ARFIMA(0,d,0) model has a linear MA representation given by
Chan and Palma (1998) consider the approximation of eq. (6) based on a truncation of order M that can be written in state space form. Ray and Tsay (2002) exploited this representation to derive inference for long memory processes with random level shifts in an MCMC setup. It is worth noting that the ARFIMA dynamics can also be written through an autoregressive representation, even though Palma (2007) suggests that an MA approximation guarantees computational advantages.
In a switching regime setup, conditionally on the whole regimes vector S, we can represent the dynamics defined in (2), by the time varying parameter state space system given as follows
. Given this state space representation and conditional on S, inference for the parameters can be derived by applying standard results on MCMC for ARMA models. Seminal contributions on this field are Albert and Chib (1993) and McCulloch and Tsay (1993) whereas relevant generalizations have been successively proposed in Billio et al. (1999) and in Kim and Nelson (1999) . Furthermore, Ray and Tsay (2002) propose a Gibbs sampler algorithm to take into account long range dependencies together with random level shifts. However, to our knowledge, MCMC methodologies have never been implemented for ARFIMA model with switching regime parameters.
We propose an MCMC algorithm to simulate from the posterior distribution
In the following we will call θ j the generic j -th element of θ. Finally Y contains the observable realized volatilities, whereas X holds the exogenous regressor's realization.
The basic idea behind MCMC is to simulate a trajectory of a Markov chain
Once convergence is achieved, the algorithm provides a sample of serially dependent draws for θ and S, which can be used to perform inference. More precisely, estimates of the latent factors and of the posterior mean of θ are given by averaging over the realization of the chain, i.e.
P r(S
To account for the serial correlation in the draws, the numerical standard error of the sample posterior mean is estimated using the procedure implemented in Kim et al. (1998) .
Moving the whole vector (θ, S) in block can be difficult, since it is highly multivariate. A possible strategy is to divide it into sub-components and then update them one-at-a-time. As suggested in Shephard (1994) and Carter and Kohn (1994) amongst others, updating the whole latent process S in block from its joint conditional distribution should reduce the autocorrelation between states and then speed up the convergence of the chain to its invariant distribution. Here, we take care of the regime switches by providing an efficient algorithm based on the multi-move Gibbs sampler proposed in Chib (1996) to update the states S, whereas parameters are updated individually. We can summarize the algorithm as follows
through Metropolis-Hastings, where θ −i − are the first (i-1) elements of θ and θ −i + are the elements form the (i+1)-th to the last.
In the next subsections we will describe in detail the algorithm.
Updating the parameters
Simulating p 01 and p 10 is straightforward, since it is easy to show that their conditional posterior distributions are Beta. Updating σ 2 i i = 0, 1, is also easy, since their conditional posterior are Inverse Gamma. However, to identify the two states, we need to impose that σ 2 0 < σ 2 1 . This leads to a constrained conditional posterior distributions that are truncated, but can be simulated trough the accept-reject algorithm of Philippe (1997) . Sampling µ i , β i and d i , i = 0, 1 is more involved, since their conditional distributions are not known in closed form 4 . We propose to update each of these parameters in turn, using the Metropolis-Hastings algorithm. At the j -th step of the algorithm we simulate θ i with unknown full conditional using the following scheme
is the likelihood of the model conditioned on S,
is not trivial and is computationally demanding. However, since the model can be written in the state-space form provided by eqs. (7)- (8), we exploit the Kalman filter recursions.
Updating S
We update S in block, moving the vector according to the algorithm proposed in Chib (1996) . The method is based on the following decomposition of p (S|Y , θ) ,
where, in particular p(S t |Y , S t+1 , . . . , S T , θ) can be written as
The distribution p(S t |y 1 , . . . , y t−1 ) can be decomposed as process, that is
To simplify the notation we indicate future realizations of X, S and Y as
. . , h can be done as follows:
• At the j -th Gibbs iteration set θ = θ (j) ;
-End for.
• Record (y
The sequences y (j)
T +i , j = 1, . . . , n, i = 1, . . . , h can be used to estimate the predictive densities p(y t+i |Y ).
Forecasting methodology and in-sample goodnessof-fit
To compare the out-of-sample predictive accuracy of the models, we use the The comparison between two models, namely M i and M j , is based on the weighted difference of two loss functions called scoring rules, defined as 
where avar(W LR t+h ) is a consistent estimate of the long range asymptotic variance of the numerator, that can be estimated by using estimators robust to heteroskedasticity and autocorrelation (see Newey and West, 1987 for instance).
Under technical conditions it can be proved that t h a ∼ N (0, 1).
We also consider the Root Means Square Error (RMSE) together with the Mean Absolute Error (MAE), that is, for model i 
in whichθ can be the estimated posterior mean, the median or the mode. In our application, the DIC criterion is defined as
in whichθ is the posterior mean obtained from the MCMC recursions, whereaŝ S is the posterior mode of p(S|Y ). It is worth noting that the best model is the one with smaller DIC. We estimated E θ|Y [−2 log p(Y |θ, S, X)] using the MCMC output, that is,
Simulation Results
In this section we provide some illustrative examples to show the performance of the algorithm. Detailed results of our procedure are reported in Appendix A.
We first simulate a time series of length T = 1000 from the ARFIMA(0,
and in which the true parameters are µ = 1, d = 0.4 and σ 2 = 0.75. Results are reported in Table 8 , based on 10,000 iterations of the MCMC algorithm with a burn-in of 2,500. Since estimates are based on the state space representation provided by equations (7)- (8), our first goal is to determine the truncation parameter M . Chan and Palma (1998) and Ray and Tsay (2002) We also consider a Monte Carlo analysis for the switching regime long mem- • In all the experiments, the estimate of d is accurate, and this is true in particular when the persistence is high. As in the non-switching experiment, a reasonable precision level is achieved for a truncation parameter M = 20. We also prefer MA approximations, in line with Palma (2007) , since for low levels of persistence, i.e. d = 0.2 and d = 0.3, we obtain more precise estimates for d.
• For all the simulations, the estimates of the probability of being on state i=0,1, namelyP (S t = i) are satisfactory, as evidenced in Figure 3 to 6, since they fit accurately the true latent process S t . In particular this finding is independent on the truncation M and on the different type of approximations (AR or MA).
• On the other side, the estimates of the parameters associated to the high level of volatility, i.e. S t = 1 are imprecise and in particular we underestimate the intercept µ 1 whereas we overestimate σ 2 1 . This ill behavior is common for different M and AR or MA approximations. Some further results, not reported here, suggest that this lack of identification is likely due to the small number of contiguous observation labeled by 1. In particular if we consider simulations with more contiguous observations labeled by 1, we obtain more precise estimates also for µ 1 and σ 2 1 .
Empirical Application: S&P500 realized volatilty
The empirical analysis is based on 5 minutes returns of the Standard & Poor's 500 index (S&P500) observed from 1 January 2000 to 28 February 2005. Our MCMC procedure has been written using the Ox c 5.0 language of Doornik (2001) combined with the state space library ssfpack of Koopman et al. (1999) used to evaluate the likelihood function.
We run the algorithm for 7500 iterations discarding the first 2500. In our experience this choice for the burn-in is more than adequate, even though our aim is to completely remove the effect of the initial values. Results for the model considered are reported in Table 2 . An estimate of the switching regime process for the different models is given in Figure 2 .
From Table 2 we notice that all the models including VIX outperform the others, in terms of smaller DIC and higher average likelihood, thus stressing the importance of the implied volatility as a predictor. A careful look at Table 2 also evidences that parameters of Model 1 characterizing conditional means and variances, i.e. µ i and σ Regarding long memory, we notice that for models in class 1, the estimates of d i are quite moderate compared with the descriptive results of Table 1 . This finding is consistent with Bandi and Perron (2006) and can be easily explained by the impact of VIX that is characterized by strong persistence. It is also confirmed by results on models of class 2, by observing that the persistence parameters almost double, moving from about 0.20 to 0.40. The higher level of persistence d is observed for Model 2 B, in which the regime shifts are not considered. This result suggests that the long range persistence absorbs the effect of the nonlinearities characterizing the data. We observe that models of class 1 and 2 behave in a similar way, and in particular it appear that the nonswitching models provide a superior fit. However, a more accurate look at Table   2 We now provide and analyze the forecasting performance of the models considered. Our full sample consists on T = 1241 observations and we consider a fixed estimation window of N = 950. In our analysis, we consider the follow- In particular Table 3 This evidence is also confirmed by the results on the pure switching model, i.e.
Model 3, for which the RMSE sensibly increase with h.
The results based on RMSE and MAE for different h are also supported by pairwise forecasting comparisons computed through the Diebold and Mar-iano tests 6 (Diebold and Mariano, 1995) . We also consider the WLR test of Amisano and Giacomini (2007) , as evidenced in Table from 4 to 7 where we report the pairwise comparisons and the associated p-values on parenthesis. A deeper analysis on WLR evidence that VIX is a good predictor of the S&P 500 realized volatility, provided that also VIX is accurately forecasted. Furthermore it is evident that long memory and nonlinearities, even when VIX is not considered, improve the forecasting performance of the proposed model. In particular, according to WLR test, the best model of class 2 is the long memory switching regime with state dependent level, variance and persistency. Furthermore, long memory become important in the long range. We first consider a simple long memory model MA (10) MA (20) MA (50) AR (10) AR (20) AR (50) A.2 Switching ARFIMA model Figure 6: Simulation Study: True vs. estimated posterior probability P r(S t = 1|Y ). On the two upper panels the simulated time series y t and the true (simulated) latent process. On the lower panels the estimates of P r(S t = 1|Y ) based respectively on the MA(10), MA(20) and MA(50) approximation.
